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Ëåêöèÿ 3.

Âûïîëíèìûå è îáùåçíà÷èìûå

ôîðìóëû.

Ìîäåëè. Ëîãè÷åñêîå ñëåäîâàíèå.

Ïðîáëåìà îáùåçíà÷èìîñòè.

Ñåìàíòè÷åñêèå òàáëèöû.



ÂÛÏÎËÍÈÌÛÅ È ÎÁÙÅÇÍÀ×ÈÌÛÅ

ÔÎÐÌÓËÛ

Ôîðìóëà ϕ(x1, . . . , xn) íàçûâàåòñÿ âûïîëíèìîé â èíòåðïðåòàöèè
I , åñëè ñóùåñòâóåò òàêîé íàáîð ýëåìåíòîâ d1, . . . , dn ∈ DI , äëÿ

êîòîðîãî èìååò ìåñòî I |= ϕ(x1, . . . , xn)[d1, . . . , dn].

Ôîðìóëà ϕ(x1, . . . , xn) íàçûâàåòñÿ èñòèííîé â èíòåðïðåòàöèè I ,
åñëè äëÿ ëþáîãî íàáîðà ýëåìåíòîâ d1, . . . , dn ∈ DI èìååò ìåñòî

I |= ϕ(x1, . . . , xn)[d1, . . . , dn].

Ôîðìóëà ϕ(x1, . . . , xn) íàçûâàåòñÿ âûïîëíèìîé , åñëè åñòü

èíòåðïðåòàöèÿ I , â êîòîðîé ýòà ôîðìóëà âûïîëíèìà.

Ôîðìóëà ϕ(x1, . . . , xn) íàçûâàåòñÿ îáùåçíà÷èìîé (èëè

òîæäåñòâåííî èñòèííîé ), åñëè ýòà ôîðìóëà èñòèííà â ëþáîé

èíòåðïðåòàöèè.

Ôîðìóëà ϕ(x1, . . . , xn) íàçûâàåòñÿ ïðîòèâîðå÷èâîé (èëè

íåâûïîëíèìîé ), åñëè îíà íå ÿâëÿåòñÿ âûïîëíèìîé.



ÂÛÏÎËÍÈÌÛÅ È ÎÁÙÅÇÍÀ×ÈÌÛÅ

ÔÎÐÌÓËÛ

Ïðèìåðû

P(x1)&¬P(x2),
∀xP(x)→ ∃xP(x),
∃xP(x)→ ∀xP(x) � âûïîëíèìûå ôîðìóëû.

I1 : DI = {d1, d2}, P̄(d1) = true, P̄(d2) = false

I1 |= P(x1)&¬P(x2)[d1, d2], I1 |= ∀xP(x)→ ∃xP(x).

I2 : DI = {d}, P̄(d) = true

I2 |= ∃xP(x)→ ∀xP(x)

Ôîðìóëû P(x1)&¬P(x2), ∃xP(x)→ ∀xP(x) íåîáùåçíà÷èìûå.

I2 6|= P(x1)&¬P(x2)[d , d ], I1 6|= ∃xP(x)→ ∀xP(x).

Ôîðìóëà ∀xP(x)→ ∃xP(x) ÿâëÿåòñÿ îáùåçíà÷èìîé.

Íî ïî÷åìó? È êàê â ýòîì óáåäèòüñÿ?



ÂÛÏÎËÍÈÌÛÅ È ÎÁÙÅÇÍÀ×ÈÌÛÅ

ÔÎÐÌÓËÛ

Âûïîëíèìûå ôîðìóëû � ýòî ëîãè÷åñêèå ôîðìû, êîòîðûå

ñëóæàò äëÿ ïðåäñòàâëåíèÿ çíàíèé. Êàæäàÿ âûïîëíèìàÿ

ôîðìóëà íåñåò îïðåäåëåííóþ èíôîðìàöèþ.

Îáùåçíà÷èìûå ôîðìóëû � ýòî òðþèçìû, áàíàëüíîñòè,

òàâòîëîãèè, íå íåñóùèå íèêàêîé èíôîðìàöèè.

Êàêóþ æå ðîëü èãðàþò îáùåçíà÷èìûå ôîðìóëû?



ÌÎÄÅËÈ. ËÎÃÈ×ÅÑÊÎÅ ÑËÅÄÑÒÂÈÅ

Ïóñòü Γ � íåêîòîðîå ìíîæåñòâî çàìêíóòûõ ôîðìóë, Γ ⊆ CForm.
Òîãäà êàæäàÿ èíòåðïðåòàöèÿ I , â êîòîðîé âûïîëíÿþòñÿ âñå

ôîðìóëû ìíîæåñòâà Γ, íàçûâàåòñÿ ìîäåëüþ äëÿ ìíîæåñòâà Γ.

Ìîäåëü äëÿ ìíîæåñòâà ôîðìóë Γ � ýòî èíòåðïðåòàöèÿ

(ðåàëüíûé èëè âèðòóàëüíûé ìèð), óñòðîéñòâî êîòîðîãî

àäåêâàòíî âñåì ïðåäëîæåíèÿì èç ìíîæåñòâà Γ.

Ïðèìåð

I : DI = {d1, d2}, P̄(d1) = true, P̄(d2) = false

I � ìîäåëü äëÿ ìíîæåñòâà ôîðìóë Γ = {∃xP(x),∃x¬P(x)}.

Çàìå÷àíèå

À êàêàÿ èíòåðïðåòàöèÿ ÿâëÿåòñÿ ìîäåëüþ ïóñòîãî ìíîæåñòâà

ôîðìóë Γ = ∅?
Ïðàâèëüíûé îòâåò: ëþáàÿ èíòåðïðåòàöèÿ . Ïî÷åìó ?



ÌÎÄÅËÈ. ËÎÃÈ×ÅÑÊÎÅ ÑËÅÄÑÒÂÈÅ

Ïðèìåð

C (x) � ¾x � êâàäðàò¿;

S(x) � ¾x � øàð¿;

B(x) � ¾x � ÷åðíûé ïðåäìåò¿;

W (x) � ¾x � áåëûé ïðåäìåò¿;

U(x , y) � ¾ïðåäìåò x ëåæèò ïîä ïðåäìåòîì y¿.



ÌÎÄÅËÈ. ËÎÃÈ×ÅÑÊÎÅ ÑËÅÄÑÒÂÈÅ

Êàæäûé áåëûé êóá ëåæèò ïîä êàêèì-òî ÷åðíûì øàðîì.

∀x (W (x) & C (x) → ∃y (B(y) & S(y) & U(x , y)))

Ìîäåëü I

~ ~ ~

∀x (W (x) & C (x) & ∃y (B(y) & S(y) & U(x , y)))

Êàæäûé ïðåäìåò ÿâëÿåòñÿ áåëûì êóáîì

è ëåæèò ïîä êàêèì-òî ÷åðíûì øàðîì.



ÌÎÄÅËÈ. ËÎÃÈ×ÅÑÊÎÅ ÑËÅÄÑÒÂÈÅ

Êàêîé-òî áåëûé êóá ëåæèò ïîä âñåìè ÷åðíûìè øàðàìè.

∃x (W (x) & C (x) & ∀y (B(y) & S(y) → U(x , y)))

~

∃x (W (x) & C (x) → ∀y (B(y) & S(y) → U(x , y)))

Êàêîé-òî ïðåäìåò ëèáî íå ÿâëÿåòñÿ áåëûì êóáîì,

ëèáî ëåæèò ïîä êàæäûì ÷åðíûì øàðîì.



ÌÎÄÅËÈ. ËÎÃÈ×ÅÑÊÎÅ ÑËÅÄÑÒÂÈÅ

Êàêîé-òî áåëûé êóá ëåæèò ïîä âñåìè ÷åðíûìè øàðàìè.

∃x (W (x) & C (x) & ∀y (B(y) & S(y) → U(x , y)))

~

∃x (W (x) & C (x) → ∀y (B(y) & S(y) → U(x , y)))

Êàêîé-òî ïðåäìåò ëèáî íå ÿâëÿåòñÿ áåëûì êóáîì,

ëèáî ëåæèò ïîä êàæäûì ÷åðíûì øàðîì.



ÌÎÄÅËÈ. ËÎÃÈ×ÅÑÊÎÅ ÑËÅÄÑÒÂÈÅ

Êàêîé-òî áåëûé êóá ëåæèò ïîä âñåìè ÷åðíûìè øàðàìè.

∃x (W (x) & C (x) & ∀y (B(y) & S(y) → U(x , y)))

Ìîäåëü I

~

∃x (W (x) & C (x) → ∀y (B(y) & S(y) → U(x , y)))

Êàêîé-òî ïðåäìåò ëèáî íå ÿâëÿåòñÿ áåëûì êóáîì,

ëèáî ëåæèò ïîä êàæäûì ÷åðíûì øàðîì.



ÌÎÄÅËÈ. ËÎÃÈ×ÅÑÊÎÅ ÑËÅÄÑÒÂÈÅ

Êàêîé-òî áåëûé êóá ëåæèò ïîä âñåìè ÷åðíûìè øàðàìè.

∃x (W (x) & C (x) & ∀y (B(y) & S(y) → U(x , y)))

Ìîäåëü I

~

∃x (W (x) & C (x) → ∀y (B(y) & S(y) → U(x , y)))

Êàêîé-òî ïðåäìåò ëèáî íå ÿâëÿåòñÿ áåëûì êóáîì,

ëèáî ëåæèò ïîä êàæäûì ÷åðíûì øàðîì.



ÌÎÄÅËÈ. ËÎÃÈ×ÅÑÊÎÅ ÑËÅÄÑÒÂÈÅ

Êàêîé-òî áåëûé êóá ëåæèò ïîä âñåìè ÷åðíûìè øàðàìè.

∃x (W (x) & C (x) & ∀y (B(y) & S(y) → U(x , y)))

Ìîäåëü I

~

∃x (W (x) & C (x) → ∀y (B(y) & S(y) → U(x , y)))

Êàêîé-òî ïðåäìåò ëèáî íå ÿâëÿåòñÿ áåëûì êóáîì,

ëèáî ëåæèò ïîä êàæäûì ÷åðíûì øàðîì.



ÌÎÄÅËÈ. ËÎÃÈ×ÅÑÊÎÅ ÑËÅÄÑÒÂÈÅ

Êàêîé-òî áåëûé êóá ëåæèò ïîä âñåìè ÷åðíûìè øàðàìè.

∃x (W (x) & C (x) & ∀y (B(y) & S(y) → U(x , y)))

Ìîäåëü J

~

∃x (W (x) & C (x) → ∀y (B(y) & S(y) → U(x , y)))

Êàêîé-òî ïðåäìåò ëèáî íå ÿâëÿåòñÿ áåëûì êóáîì,

ëèáî ëåæèò ïîä êàæäûì ÷åðíûì øàðîì.



ÌÎÄÅËÈ. ËÎÃÈ×ÅÑÊÎÅ ÑËÅÄÑÒÂÈÅ

Îáùèé ïðèíöèï ïðàâèëüíîãî ïîñòðîåíèÿ ôîðìóë.

Êàæäûé ïðåäìåò, íàäåëåííûé àòðèáóòîì A, îáëàäàåò
ñâîéñòâîì B :

∀x (A(x) → B(x))

Íåêîòîðûé ïðåäìåò, íàäåëåííûé àòðèáóòîì A, îáëàäàåò
ñâîéñòâîì B :

∃x (A(x) & B(x))



ÌÎÄÅËÈ. ËÎÃÈ×ÅÑÊÎÅ ÑËÅÄÑÒÂÈÅ

Îïðåäåëåíèå

Ïóñòü Γ � íåêîòîðîå ìíîæåñòâî çàìêíóòûõ ôîðìóë, è ϕ �

çàìêíóòàÿ ôîðìóëà. Ôîðìóëà ϕ íàçûâàåòñÿ ëîãè÷åñêèì

ñëåäñòâèåì ìíîæåñòâà ïðåäëîæåíèé (áàçû çíàíèé) Γ, åñëè
êàæäàÿ ìîäåëü äëÿ ìíîæåñòâà ôîðìóë Γ ÿâëÿåòñÿ ìîäåëüþ

äëÿ ôîðìóëû ϕ, ò. å.

äëÿ ëþáîé èíòåðïðåòàöèè I : I |= Γ =⇒ I |= ϕ

Ëîãè÷åñêèå ñëåäñòâèÿ � ýòî ¾ïðîèçâîäíûå¿ çíàíèÿ, êîòîðûå

íåèçáåæíî ñîïóòñòâóþò ¾áàçîâûì¿ çíàíèÿì Γ, íàõîäÿòñÿ â
ïðè÷èííî-ñëåäñòâåííîé çàâèñèìîñòè îò ïðåäëîæåíèé Γ. Îäíà
èç ãëàâíûõ çàäà÷ (è îäíîâðåìåííî íàèáîëåå õàðàêòåðíîå

ïðîÿâëåíèå) èíòåëëåêòóàëüíîé äåÿòåëüíîñòè � ýòî èçâëå÷åíèå

ëîãè÷åñêèõ ñëåäñòâèé èç áàç çíàíèé.



ÌÎÄÅËÈ. ËÎÃÈ×ÅÑÊÎÅ ÑËÅÄÑÒÂÈÅ

Îáîçíà÷åíèÿ

Çàïèñü Γ |= ϕ îáîçíà÷àåò, ÷òî ϕ � ëîãè÷åñêîå ñëåäñòâèå Γ .

À êàêèå ôîðìóëû ÿâëÿþòñÿ ëîãè÷åñêèìè ñëåäñòâèÿìè ïóñòîé

áàçû çíàíèé Γ = ∅? Ïðàâèëüíûé îòâåò: îáùåçíà÷èìûå .

Ïîýòîìó äëÿ îáîçíà÷åíèÿ îáùåçíà÷èìîñòè ôîðìóëû ϕ áóäåì

èñïîëüçîâàòü çàïèñü |= ϕ .



ÌÎÄÅËÈ. ËÎÃÈ×ÅÑÊÎÅ ÑËÅÄÑÒÂÈÅ

Òåîðåìà î ëîãè÷åñêîì ñëåäñòâèè

Ïóñòü Γ = {ψ1, . . . , ψn} ⊆ CForm, ϕ ∈ CForm. Òîãäà
Γ |= ϕ ⇐⇒ |= ψ1& . . .&ψn → ϕ.

Äîêàçàòåëüñòâî. ⇒ Ïóñòü I � ïðîèçâîëüíàÿ èíòåðïðåòàöèÿ.

Åñëè I 6|= ψ1& . . .&ψn, òî I |= ψ1& . . .&ψn → ϕ.

Åñëè I |= ψ1& . . .&ψn, òî I |= ψi , 1 ≤ i ≤ n, ò. å. I � ìîäåëü

äëÿ Γ.

Ïîñêîëüêó Γ |= ϕ, ïîëó÷àåì I |= ϕ. Çíà÷èò,
I |= ψ1& . . .&ψn → ϕ.

Òàêèì îáðàçîì, äëÿ ëþáîé èíòåðïðåòàöèè I èìååò ìåñòî
I |= ψ1& . . .&ψn → ϕ.

Çíà÷èò, ψ1& . . .&ψn → ϕ � îáùåçíà÷èìàÿ ôîðìóëà.



ÌÎÄÅËÈ. ËÎÃÈ×ÅÑÊÎÅ ÑËÅÄÑÒÂÈÅ

Òåîðåìà î ëîãè÷åñêîì ñëåäñòâèè

Ïóñòü Γ = {ψ1, . . . , ψn} ⊆ CForm, ϕ ∈ CForm. Òîãäà
Γ |= ϕ ⇐⇒ |= ψ1& . . .&ψn → ϕ.

Äîêàçàòåëüñòâî. ⇐ Ïóñòü I � ìîäåëü äëÿ ìíîæåñòâà

ïðåäëîæåíèé Γ, ò. å. I |= ψi , 1 ≤ i ≤ n.

Òîãäà I |= ψ1& . . .&ψn.

Òàê êàê |= ψ1& . . .&ψn → ϕ, âåðíî I |= ψ1& . . .&ψn → ϕ.

Çíà÷èò, I |= ϕ.

Òàê êàê I � ïðîèçâîëüíàÿ ìîäåëü äëÿ Γ, ïðèõîäèì ê

çàêëþ÷åíèþ Γ |= ϕ.

�



ÏÐÎÁËÅÌÀ ÎÁÙÅÇÍÀ×ÈÌÎÑÒÈ ÔÎÐÌÓË

Îáùåçíà÷èìûå ôîðìóëû � ýòî êàíàëû ïðè÷èííî-ñëåäñòâåííîé

ñâÿçè, ïî êîòîðûì ïåðåäàþòñÿ çíàíèÿ, ïðåäñòàâëåííûå â âèäå

ëîãè÷åñêèõ ôîðìóë, ïðåîáðàçóÿñü ïðè ýòîì èç îäíîé ôîðìû â

äðóãóþ.

Ïðàêòè÷åñêè âàæíî óìåòü îïðåäåëÿòü ýòè êàíàëû è

íàñòðàèâàòü èõ íà èçâëå÷åíèå íóæíûõ çíàíèé.

I Áàçà çíàíèé � ìíîæåñòâî ïðåäëîæåíèé Γ;

I Çàïðîñ ê áàçå çíàíèé � ïðåäëîæåíèå ϕ;

I Ïîëó÷åíèå îòâåòà íà çàïðîñ � ïðîâåðêà ëîãè÷åñêîãî

ñëåäñòâèÿ Γ |= ϕ.

Åñëè Γ � êîíå÷íîå ìíîæåñòâî, òî ïðîâåðêà ëîãè÷åñêîãî

ñëåäñòâèÿ ñâîäèòñÿ ê ïðîâåðêå îáùåçíà÷èìîñòè ôîðìóëû

ψ1& . . .&ψn → ϕ



ÏÐÎÁËÅÌÀ ÎÁÙÅÇÍÀ×ÈÌÎÑÒÈ ÔÎÐÌÓË

Òàêèì îáðàçîì, âîçíèêàåò ïðîáëåìà

îáùåçíà÷èìîñòè ôîðìóë:

Äëÿ çàäàííîé ôîðìóëû ϕ

ïðîâåðèòü åå îáùåçíà÷èìîñòü:

|= ϕ?



ÏÐÎÁËÅÌÀ ÎÁÙÅÇÍÀ×ÈÌÎÑÒÈ ÔÎÐÌÓË

Óòâåðæäåíèå.

Äëÿ ëþáîé ôîðìóëû ϕ(x1, . . . , xn) âåðíî, ÷òî

1. |= ϕ(x1, . . . , xn) ⇐⇒ |= ∀x1 . . . ∀xn ϕ(x1, . . . , xn);

2.

ϕ(x1, . . . , xn) � âûïîëíèìàÿ

⇐⇒
∃x1 . . . ∃xn ϕ(x1, . . . , xn) � âûïîëíèìàÿ;

3.

ϕ(x1, . . . , xn) � âûïîëíèìà â ëþáîé èíòåðïðåòàöèè

⇐⇒
|= ∃x1 . . . ∃xn ϕ(x1, . . . , xn).

Äîêàçàòåëüñòâî

Ñàìîñòîÿòåëüíî. Ýòî ïðîñòî.



ÏÐÎÁËÅÌÀ ÎÁÙÅÇÍÀ×ÈÌÎÑÒÈ ÔÎÐÌÓË

Êàê æå ðåøàòü ïðîáëåìó

îáùåçíà÷èìîñòè

|= ϕ ?

Ìîæåò áûòü ïðîâåðÿòü âñå

èíòåðïðåòàöèè ïî î÷åðåäè ?



ÏÐÎÁËÅÌÀ ÎÁÙÅÇÍÀ×ÈÌÎÑÒÈ ÔÎÐÌÓË

Íåò, òàêîé ïîäõîä çàâåäîìî îáðå÷åí íà íåóäà÷ó. Ïî÷åìó?

Ïîòîìó, ÷òî âåðíî

Óòâåðæäåíèå.

Ñóùåñòâóåò òàêàÿ çàìêíóòàÿ ôîðìóëà ϕ, êîòîðàÿ èñòèííà

â ëþáîé èíòåðïðåòàöèè I ñ êîíå÷íîé ïðåäìåòíîé

îáëàñòüþ DI , íî íå ÿâëÿåòñÿ îáùåçíà÷èìîé .

∀x¬R(x , x) &
∀x∀y∀z(R(x , y)&R(y , z) → R(x , z)) →

∃x∀y¬R(x , y).



ÏÐÎÁËÅÌÀ ÎÁÙÅÇÍÀ×ÈÌÎÑÒÈ ÔÎÐÌÓË

Äîêàçàòåëüñòâî.

R(x , y): ¾ñóáúåêò y � íà÷àëüíèê ñóáúåêòà x¿;

1). ∀x¬R(x , x): ¾íèêòî íå êîìàíäóåò ñàìèì ñîáîé¿;

2). ∀x∀y∀z (R(x , y)&R(y , z) → R(x , z)): ¾íà÷àëüíèê ìîåãî
íà÷àëüíèêà � ìîé íà÷àëüíèê¿;

3). ∃x∀y¬R(x , y): ¾êòî-òî íèêîìó íå ïîä÷èíÿåòñÿ¿.

Â êàæäîé êîìïàíèè ñ êîíå÷íûì ìíîæåñòâîì ñîòðóäíèêîâ, â

êîòîðîé äåéñòâóþò çàêîíû 1) è 2), âûïîëíÿåòñÿ è çàêîí 3).

Çíà÷èò, íàøà ôîðìóëà èñòèííà âî âñåõ èíòåðïðåòàöèÿõ ñ

êîíå÷íîé ïðåäìåòíîé îáëàñòüþ.



ÏÐÎÁËÅÌÀ ÎÁÙÅÇÍÀ×ÈÌÎÑÒÈ ÔÎÐÌÓË

Äîêàçàòåëüñòâî.

Íî íàøà ôîðìóëà íå ÿâëÿåòñÿ îáùåçíà÷èìîé.

R(x , y): ¾íàòóðàëüíîå ÷èñëî y áîëüøå íàòóðàëüíîãî ÷èñëà x¿

1). ∀x¬R(x , x);

2). ∀x∀y∀z (R(x , y)&R(y , z) → R(x , z));

âûïîëíÿþòñÿ íà ìíîæåñòâå íàòóðàëüíûõ ÷èñåë.

3). ∃x∀y¬R(x , y) íà ìíîæåñòâå íàòóðàëüíûõ ÷èñåë íå

âûïîëíÿåòñÿ: íåâåðíî, ÷òî ñóùåñòâóåò ìàêñèìàëüíîå

íàòóðàëüíîå ÷èñëî.

�



ÏÐÎÁËÅÌÀ ÎÁÙÅÇÍÀ×ÈÌÎÑÒÈ ÔÎÐÌÓË

Íå òîëüêî ïåðåáîð âñåõ èíòåðïðåòàöèé, íî äàæå ïðîâåðêó

èñòèííîñòè ôîðìóëû â èíòåðïðåòàöèè ñ áåñêîíå÷íîé

ïðåäìåòíîé îáëàñòüþ îñóùåñòâèòü çàòðóäíèòåëüíî.

Çíà÷èò, íåîáõîäèìî ïðèäóìàòü áîëåå èçîùðåííûé ñïîñîá

ïðîâåðêè.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∀x (P(x) → R(x)) → (∀x P(x) → ∀x R(x)) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà äîëæíà

ñóùåñòâîâàòü èíòåðïðåòàöèÿ I (êîíòðìîäåëü), îïðîâåðãàþùàÿ
ϕ. Èçó÷èì ýòó êîíòðìîäåëü.

I |= ∀x (P(x) → R(x))

I 6|= ∀x P(x) → ∀x R(x)
I |= ∀x P(x) I 6|= ∀x R(x)

I |= (P(x) → R(x))[d ]
I |= P(x)[d ]
I |= R(x)[d ]

Ïîëó÷èëè ïðîòèâîðå÷èå. Çíà÷èò, êîíòðìîäåëè I íå ñóùåñòâóåò.
Çíà÷èò, |= ϕ.



ÏÐÎÁËÅÌÀ ÎÁÙÅÇÍÀ×ÈÌÎÑÒÈ ÔÎÐÌÓË

Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∀x (P(x) → R(x)) → (∀x P(x) → ∀x R(x)) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà äîëæíà

ñóùåñòâîâàòü èíòåðïðåòàöèÿ I (êîíòðìîäåëü), îïðîâåðãàþùàÿ
ϕ. Èçó÷èì ýòó êîíòðìîäåëü.

I |= ∀x (P(x) → R(x))

I 6|= ∀x P(x) → ∀x R(x)
I |= ∀x P(x) I 6|= ∀x R(x)

I |= (P(x) → R(x))[d ]
I |= P(x)[d ]
I |= R(x)[d ]

Ïîëó÷èëè ïðîòèâîðå÷èå. Çíà÷èò, êîíòðìîäåëè I íå ñóùåñòâóåò.
Çíà÷èò, |= ϕ.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∀x (P(x) → R(x)) → (∀x P(x) → ∀x R(x)) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà äîëæíà

ñóùåñòâîâàòü èíòåðïðåòàöèÿ I (êîíòðìîäåëü), îïðîâåðãàþùàÿ
ϕ. Èçó÷èì ýòó êîíòðìîäåëü.

I 6|= ϕ

I |= ∀x (P(x) → R(x))

I 6|= ∀x P(x) → ∀x R(x)
I |= ∀x P(x) I 6|= ∀x R(x)

I |= (P(x) → R(x))[d ]
I |= P(x)[d ]
I |= R(x)[d ]

Ïîëó÷èëè ïðîòèâîðå÷èå. Çíà÷èò, êîíòðìîäåëè I íå ñóùåñòâóåò.
Çíà÷èò, |= ϕ.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∀x (P(x) → R(x)) → (∀x P(x) → ∀x R(x)) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà äîëæíà

ñóùåñòâîâàòü èíòåðïðåòàöèÿ I (êîíòðìîäåëü), îïðîâåðãàþùàÿ
ϕ. Èçó÷èì ýòó êîíòðìîäåëü.

I 6|= ϕ
I |= ∀x (P(x) → R(x)) I 6|= ∀x P(x) → ∀x R(x)

I |= ∀x P(x) I 6|= ∀x R(x)

I |= (P(x) → R(x))[d ]
I |= P(x)[d ]
I |= R(x)[d ]

Ïîëó÷èëè ïðîòèâîðå÷èå. Çíà÷èò, êîíòðìîäåëè I íå ñóùåñòâóåò.
Çíà÷èò, |= ϕ.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∀x (P(x) → R(x)) → (∀x P(x) → ∀x R(x)) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà äîëæíà

ñóùåñòâîâàòü èíòåðïðåòàöèÿ I (êîíòðìîäåëü), îïðîâåðãàþùàÿ
ϕ. Èçó÷èì ýòó êîíòðìîäåëü.

I 6|= ϕ
I |= ∀x (P(x) → R(x)) I 6|= ∀x P(x) → ∀x R(x)
I |= ∀x P(x) I 6|= ∀x R(x)

I |= (P(x) → R(x))[d ]
I |= P(x)[d ]
I |= R(x)[d ]

Ïîëó÷èëè ïðîòèâîðå÷èå. Çíà÷èò, êîíòðìîäåëè I íå ñóùåñòâóåò.
Çíà÷èò, |= ϕ.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∀x (P(x) → R(x)) → (∀x P(x) → ∀x R(x)) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà äîëæíà

ñóùåñòâîâàòü èíòåðïðåòàöèÿ I (êîíòðìîäåëü), îïðîâåðãàþùàÿ
ϕ. Èçó÷èì ýòó êîíòðìîäåëü.

I 6|= ϕ
I |= ∀x (P(x) → R(x)) I 6|= ∀x P(x) → ∀x R(x)
I |= ∀x P(x) I 6|= ∀x R(x)

I 6|= R(x)[d ]

I |= (P(x) → R(x))[d ]
I |= P(x)[d ]
I |= R(x)[d ]

Ïîëó÷èëè ïðîòèâîðå÷èå. Çíà÷èò, êîíòðìîäåëè I íå ñóùåñòâóåò.
Çíà÷èò, |= ϕ.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∀x (P(x) → R(x)) → (∀x P(x) → ∀x R(x)) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà äîëæíà

ñóùåñòâîâàòü èíòåðïðåòàöèÿ I (êîíòðìîäåëü), îïðîâåðãàþùàÿ
ϕ. Èçó÷èì ýòó êîíòðìîäåëü.

I 6|= ϕ
I |= ∀x (P(x) → R(x)) I 6|= ∀x P(x) → ∀x R(x)
I |= ∀x P(x) I 6|= ∀x R(x)

I 6|= R(x)[d ]
I |= (P(x) → R(x))[d ]

I |= P(x)[d ]
I |= R(x)[d ]

Ïîëó÷èëè ïðîòèâîðå÷èå. Çíà÷èò, êîíòðìîäåëè I íå ñóùåñòâóåò.
Çíà÷èò, |= ϕ.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∀x (P(x) → R(x)) → (∀x P(x) → ∀x R(x)) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà äîëæíà

ñóùåñòâîâàòü èíòåðïðåòàöèÿ I (êîíòðìîäåëü), îïðîâåðãàþùàÿ
ϕ. Èçó÷èì ýòó êîíòðìîäåëü.

I 6|= ϕ
I |= ∀x (P(x) → R(x)) I 6|= ∀x P(x) → ∀x R(x)
I |= ∀x P(x) I 6|= ∀x R(x)

I 6|= R(x)[d ]
I |= (P(x) → R(x))[d ]
I |= P(x)[d ]

I |= R(x)[d ]

Ïîëó÷èëè ïðîòèâîðå÷èå. Çíà÷èò, êîíòðìîäåëè I íå ñóùåñòâóåò.
Çíà÷èò, |= ϕ.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∀x (P(x) → R(x)) → (∀x P(x) → ∀x R(x)) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà äîëæíà

ñóùåñòâîâàòü èíòåðïðåòàöèÿ I (êîíòðìîäåëü), îïðîâåðãàþùàÿ
ϕ. Èçó÷èì ýòó êîíòðìîäåëü.

I 6|= ϕ
I |= ∀x (P(x) → R(x)) I 6|= ∀x P(x) → ∀x R(x)
I |= ∀x P(x) I 6|= ∀x R(x)

I 6|= R(x)[d ]
I |= (P(x) → R(x))[d ]
I |= P(x)[d ]
I |= R(x)[d ]

Ïîëó÷èëè ïðîòèâîðå÷èå. Çíà÷èò, êîíòðìîäåëè I íå ñóùåñòâóåò.

Çíà÷èò, |= ϕ.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∀x (P(x) → R(x)) → (∀x P(x) → ∀x R(x)) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà äîëæíà

ñóùåñòâîâàòü èíòåðïðåòàöèÿ I (êîíòðìîäåëü), îïðîâåðãàþùàÿ
ϕ. Èçó÷èì ýòó êîíòðìîäåëü.

I 6|= ϕ
I |= ∀x (P(x) → R(x)) I 6|= ∀x P(x) → ∀x R(x)
I |= ∀x P(x) I 6|= ∀x R(x)

I 6|= R(x)[d ]
I |= (P(x) → R(x))[d ]
I |= P(x)[d ]
I |= R(x)[d ]

Ïîëó÷èëè ïðîòèâîðå÷èå. Çíà÷èò, êîíòðìîäåëè I íå ñóùåñòâóåò.
Çíà÷èò, |= ϕ.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∃x P(x) → ∀x P(x) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà ñóùåñòâóåò

èíòåðïðåòàöèÿ I (êîíòðìîäåëü), êîòîðàÿ îïðîâåðãàåò ϕ.

I 6|= ∃x P(x) ∀x P(x)

I |= P(x)

I 6|= P(x)
I |= P(x)[d1]

I 6|= P(x)[d2]

Ïðîòèâîðå÷èÿ íåò.

I = 〈DI ,Pred〉: DI = {d1, d2}, P(d1) = true, P(d2) = false,

I 6|= ϕ.

Ñëåäîâàòåëüíî, 6|= ϕ.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∃x P(x) → ∀x P(x) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà ñóùåñòâóåò

èíòåðïðåòàöèÿ I (êîíòðìîäåëü), êîòîðàÿ îïðîâåðãàåò ϕ.

I 6|= ∃x P(x) ∀x P(x)

I |= P(x)

I 6|= P(x)
I |= P(x)[d1]

I 6|= P(x)[d2]

Ïðîòèâîðå÷èÿ íåò.

I = 〈DI ,Pred〉: DI = {d1, d2}, P(d1) = true, P(d2) = false,

I 6|= ϕ.

Ñëåäîâàòåëüíî, 6|= ϕ.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∃x P(x) → ∀x P(x) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà ñóùåñòâóåò

èíòåðïðåòàöèÿ I (êîíòðìîäåëü), êîòîðàÿ îïðîâåðãàåò ϕ.

I 6|= ∃x P(x) → ∀x P(x)

I |= P(x)

I 6|= P(x)
I |= P(x)[d1]

I 6|= P(x)[d2]

Ïðîòèâîðå÷èÿ íåò.

I = 〈DI ,Pred〉: DI = {d1, d2}, P(d1) = true, P(d2) = false,

I 6|= ϕ.

Ñëåäîâàòåëüíî, 6|= ϕ.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∃x P(x) → ∀x P(x) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà ñóùåñòâóåò

èíòåðïðåòàöèÿ I (êîíòðìîäåëü), êîòîðàÿ îïðîâåðãàåò ϕ.

I 6|= ∃x P(x) → ∀x P(x)
I |= ∃x P(x) I 6|= ∀x P(x)

I |= P(x)[d1]
I 6|= P(x)[d2]

Ïðîòèâîðå÷èÿ íåò.

I = 〈DI ,Pred〉: DI = {d1, d2}, P(d1) = true, P(d2) = false,

I 6|= ϕ.

Ñëåäîâàòåëüíî, 6|= ϕ.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∃x P(x) → ∀x P(x) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà ñóùåñòâóåò

èíòåðïðåòàöèÿ I (êîíòðìîäåëü), êîòîðàÿ îïðîâåðãàåò ϕ.

I 6|= ∃x P(x) → ∀x P(x)
I |= ∃x P(x) I 6|= ∀x P(x)
I |= P(x)[d1]

I 6|= P(x)[d2]

Ïðîòèâîðå÷èÿ íåò.

I = 〈DI ,Pred〉: DI = {d1, d2}, P(d1) = true, P(d2) = false,

I 6|= ϕ.

Ñëåäîâàòåëüíî, 6|= ϕ.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∃x P(x) → ∀x P(x) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà ñóùåñòâóåò

èíòåðïðåòàöèÿ I (êîíòðìîäåëü), êîòîðàÿ îïðîâåðãàåò ϕ.

I 6|= ∃x P(x) → ∀x P(x)
I |= ∃x P(x) I 6|= ∀x P(x)
I |= P(x)[d1]

I 6|= P(x)[d2]

Ïðîòèâîðå÷èÿ íåò.

I = 〈DI ,Pred〉: DI = {d1, d2}, P(d1) = true, P(d2) = false,

I 6|= ϕ.

Ñëåäîâàòåëüíî, 6|= ϕ.
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Ïðèìåð.

Ïðîâåðèòü îáùåçíà÷èìîñòü ôîðìóëû

ϕ = ∃x P(x) → ∀x P(x) .

Ïðåäïîëîæèì, ÷òî ϕ íåîáùåçíà÷èìà. Òîãäà ñóùåñòâóåò

èíòåðïðåòàöèÿ I (êîíòðìîäåëü), êîòîðàÿ îïðîâåðãàåò ϕ.

I 6|= ∃x P(x) → ∀x P(x)
I |= ∃x P(x) I 6|= ∀x P(x)
I |= P(x)[d1]

I 6|= P(x)[d2]

Ïðîòèâîðå÷èÿ íåò.

I = 〈DI ,Pred〉: DI = {d1, d2}, P(d1) = true, P(d2) = false,

I 6|= ϕ.

Ñëåäîâàòåëüíî, 6|= ϕ.



ÑÅÌÀÍÒÈ×ÅÑÊÈÅ ÒÀÁËÈÖÛ

Ïîïðîáóåì ñèñòåìàòèçèðîâàòü ýòîò ñïîñîá ïðîâåðêè

îáùåçíà÷èìîñòè ôîðìóë.

I Îáùåçíà÷èìîñòü ôîðìóëû äîêàçûâàåì ¾îò ïðîòèâíîãî¿,

ïûòàÿñü ïîñòðîèòü êîíòðìîäåëü.

I Êîíòðìîäåëü ñòðîèì, óêàçûâàÿ, êàêèå ôîðìóëû äîëæíû â

íåé âûïîëíÿòüñÿ, à êàêèå íåò. Òðåáîâàíèÿ

(íå)âûïîëíèìîñòè ôîðìóë, ïðåäúÿâëÿåìûå ê êîíòðìîäåëè,

ñâîäèì â òàáëèöó è ïîñëåäîâàòåëüíî èõ óòî÷íÿåì.

I Åñëè òðåáîâàíèÿ, êîòîðûå ïðåäúÿâëÿþòñÿ ê êîíòðìîäåëè,

îêàçûâàþòñÿ íåñîâìåñòíûìè, çíà÷èò, ïðîâåðÿåìàÿ

ôîðìóëà íåîïðîâåðæèìà, ò. å. îáùåçíà÷èìà.



ÑÅÌÀÍÒÈ×ÅÑÊÈÅ ÒÀÁËÈÖÛ

Ñåìàíòè÷åñêàÿ òàáëèöà � ýòî óïîðÿäî÷åííàÿ ïàðà ìíîæåñòâ

ôîðìóë 〈 Γ ; ∆ 〉 , Γ,∆ ⊆ Form.

Γ � ýòî ìíîæåñòâî ôîðìóë, êîòîðûå ìû õîòèì ñ÷èòàòü

èñòèííûìè,

∆ � ýòî ìíîæåñòâî ôîðìóë, êîòîðûå ìû õîòèì ñ÷èòàòü

ëîæíûìè.

Ïóñòü {x1, x2, . . . , xn} � ìíîæåñòâî ñâîáîäíûõ ïåðåìåííûõ â

ôîðìóëàõ ìíîæåñòâ Γ, ∆.

Ñåìàíòè÷åñêàÿ òàáëèöà 〈 Γ ; ∆ 〉 íàçûâàåòñÿ âûïîëíèìîé ,

åñëè ñóùåñòâóåò òàêàÿ èíòåðïðåòàöèÿ I è òàêîé íàáîð çíà÷åíèé

d1, d2, . . . , dn ∈ DI ñâîáîäíûõ ïåðåìåííûõ, äëÿ êîòîðûõ

I I |= ϕ(x1, x2, . . . , xn)[d1, d2, . . . , dn] äëÿ ëþáîé ôîðìóëû ϕ,
ϕ ∈ Γ,

I I 6|= ψ(x1, x2, . . . , xn)[d1, d2, . . . , dn] äëÿ ëþáîé ôîðìóëû ψ,
ψ ∈ ∆.



ÑÅÌÀÍÒÈ×ÅÑÊÈÅ ÒÀÁËÈÖÛ

Ïðèìåðû

Ñåìàíòè÷åñêàÿ òàáëèöà

T = 〈 {∃x P(x), ¬P(y)} ; {∀xP(x), P(x) & ¬P(x)} 〉
âûïîëíèìà. Åå âûïîëíèìîñòü ïîäòâåðæäàåò èíòåðïðåòàöèÿ

I = 〈DI ,Pred〉: DI = {d1, d2}, P(d1) = true, P(d2) = false, è

íàáîð d1, d2 çíà÷åíèé ñâîáîäíûõ ïåðåìåííûõ x, y.

Ñåìàíòè÷åñêàÿ òàáëèöà

T = 〈 ∅ ; {∃y∀xR(x , y) → ∀x∃yR(x , y)} 〉
íåâûïîëíèìà. Ïî÷åìó?



ÑÅÌÀÍÒÈ×ÅÑÊÈÅ ÒÀÁËÈÖÛ

Òåîðåìà (î òàáëè÷íîé ïðîâåðêå îáùåçíà÷èìîñòè)

|= ϕ ⇐⇒ òàáëèöà Tϕ = 〈 ∅ ; {ϕ} 〉 íåâûïîëíèìà.

Äîêàçàòåëüñòâî. |= ϕ ⇐⇒ äëÿ ëþáîé èíòåðïðåòàöèè I è äëÿ

ëþáîãî íàáîðà d1, . . . , dn ∈ DI çíà÷åíèé ñâîáîäíûõ ïåðåìåííûõ

x1, . . . , xn èìååò ìåñòî I |= ϕ(x1, . . . , xn)[d1, . . . , dn] ⇐⇒
òàáëèöà Tϕ = 〈 ∅ ; {ϕ} 〉 íåâûïîëíèìà íè â îäíîé

èíòåðïðåòàöèè.

�
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Ñåìàíòè÷åñêàÿ òàáëèöà 〈 Γ ; ∆ 〉, ó êîòîðîé Γ ∩∆ 6= ∅,
íàçûâàåòñÿ çàêðûòîé .

Óòâåðæäåíèå

Çàêðûòàÿ òàáëèöà íåâûïîëíèìà.

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî.

Ñåìàíòè÷åñêàÿ òàáëèöà 〈 Γ ; ∆ 〉, ó êîòîðîé ìíîæåñòâà Γ,∆
ñîñòîÿò òîëüêî èç àòîìàðíûõ ôîðìóë, íàçûâàåòñÿ àòîìàðíîé .

Óòâåðæäåíèå

Íåçàêðûòàÿ àòîìàðíàÿ òàáëèöà âûïîëíèìà.

Äîêàçàòåëüñòâî. Ñàìîñòîÿòåëüíî.
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Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà îáùåçíà÷èìîñòè |= ϕ
äîñòàòî÷íî ðàçðàáîòàòü ñèñòåìó ïðàâèë, ïîçâîëÿþùèõ

ïðåîáðàçîâûâàòü ñåìàíòè÷åñêóþ òàáëèöó Tϕ = 〈 ∅ ; {ϕ} 〉 ê
çàêðûòûì òàáëèöàì.

Äîêàçàòåëüñòâà òàêîãî âèäà íàçûâàþòñÿ ëîãè÷åñêèì âûâîäîì .

Åñëè â âûâîäå ó÷àñòâóþò ñåìàíòè÷åñêèå òàáëèöû, òî

ëîãè÷åñêèé âûâîä íàçûâàåòñÿ òàáëè÷íûì .

×òîáû òàáëè÷íûé âûâîä áûë êîððåêòíûì, ïðàâèëà

ïðåîáðàçîâàíèÿ òàáëèö (ïðàâèëà òàáëè÷íîãî âûâîäà ) äîëæíû

ñîõðàíÿòü âûïîëíèìîñòü ñåìàíòè÷åñêèõ òàáëèö.

Ïîýòîìó íà÷íåì ñ ðàçðàáîòêè ïðàâèë òàáëè÷íîãî âûâîäà è

ïðîâåðêè èõ êîððåêòíîñòè.
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